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Starting from the Gleyzes-Langlois-Piazza-Vernizzi action, we derive the most general effective
theory that is invariant under internal shifts and a Z2 mirror symmetry in the scalar sector. Contrary
to what one may think, this model presents a dark matter tracker previous to the dark energy
domination. We show that, in an empty universe and to linear order in perturbations, the scalar
mode clusters in exactly the same way as standard nonrelativistic cold dark matter. This also
holds for the subsector of the theory where the speed of propagation of gravitational waves equals
that of light, in agreement with the recent multimessenger observation. However, the inclusion of
standard model particles introduces nontrivial couplings of the gravitational scalar mode to baryons,
modifying their clustering properties. We argue that no arrangement of the parameters of the model
can reduce the extra scalar to precisely behave as cold dark matter.
PACS numbers: 98.80.k, 04.50.Kd, 95.35.+d
I. INTRODUCTION AND SUMMARY
There are two main avenues to address the dark mat-
ter problem. The most popular one relies on the exis-
tence of some elusive, weakly interacting massive cold
particles, that were originated in the early universe and
shape galactic dynamics today [1]. However, some phe-
nomenological correlations such as the Tully-Fisher [2, 3]
or the Faber-Jackson’s [4, 5] show a puzzling link between
baryons and dark matter in galaxies [6, 7], and may sug-
gest that we should keep an eye open to the more specu-
lative possibility of a modification of the gravitation laws
at certain scales [8].
Modifying gravity, however, is not often a simple task,
since instabilities and/or large departures from labora-
tory and solar system constraints commonly appear [9].
Lovelock theorem [10] guarantees that general relativity
is the only local gravity theory for the spacetime metric
in four dimensions that satisfies second order equations
of motion. As a consequence, in order to modify general
relativity one needs to face with the breakdown of at least
one of the theorem assumptions. In this paper we con-
sider an additional scalar degree of freedom that might
possess higher order equations of motion as a mediator
of the gravitational interaction apart from the standard
helicity two graviton.
The most general scalar-tensor theory of gravity that
still preserves second order equations of motion is the so
called Horndeski’s model [11, 12]. Within this theory,
explicit subsectors have been considered to explain the
present day accelerated expansion of the universe [13–
17], and to a lesser extent in the context of dark matter.
Particular realizations of a dark matter sector include
those in f(R) models [18] and mimetic gravity [19–22],
to mention some.
Along these lines, Bettoni, Colombo and Liberati [23]
first, and more recently Rinaldi [24] and Koutsoumbas
et al [25], have identified a particular term in the quintic
sector of Horndeski gravity that mimics the homogeneous
background evolution of a nonrelativistic cold dark mat-
ter component. This term emerges from the coupling
of the Einstein tensor to the gradients of a scalar field,
namely Gµν∇µφ∇νφ, which upon integration by parts
can be shown to be also a part of the quartic Horn-
deski Lagrangian. In this work we show that the dark
matter phenomena is more generic in Horndeski gravity
than previously explored, and not only this term, but any
other one nonminimally coupled to gravity and invariant
under internal shift and Z2 mirror transformations leads
to the same background evolution.
A distinctive feature of these nonminimally coupled
terms in the Horndeski action is that they predict a
speed of propagation for the gravitational waves that is,
in general, different to that of light [13–17, 26, 27]. How-
ever, the recent detection of the gravitational wave sig-
nal GW170817 (presumably from a neutron star merger),
along with its almost simultaneous gamma ray coun-
terpart GRB170817A [28], severely constrains any pos-
sible deviation in the speed of propagation of the two
sources [29–33]. As a consequence, we find that a suc-
cessful model including any of the surviving pieces of the
effective Lagrangian should be necessarily a part of an
extended version of the Horndeski theory. One possibil-
ity is to allow higher order derivatives in the equations
of motion, but without introducing ghostly or tachyonic
propagating modes (see Linder’s no slip gravity [34] for
a more conservative proposal, but where the imposed
symmetries leading to the dark matter behavior are not
present). In this paper, we concentrate on the Gleyzes-
Langlois-Piazza-Vernizzi scalar-tensor theory [35, 36], a
particular realization of a healthy gravity theory beyond
Horndeski [37]. As we will find, and after imposing the
internal shift and mirror invariance, the new action still
respects the same background evolution as in the Horn-
deski model, but with the possibility of a vanishing tensor
speed excess.
In order to take seriously the possibility of a cold dark
matter component with a gravitational coupling to the
standard matter, one needs to explore further the full
evolution of the scalar mode, and in particular of its per-
2turbations, during the different phases of the universe.
We prove that, in an idealized universe empty of particles,
the new degree of freedom clusters in exactly the same
way as a nonrelativistic matter component does. This
result is independent of the arbitrary functions in the ef-
fective Lagrangian. However, the inclusion of standard
model particles leads to nontrivial couplings between the
scalar field and the visible sector, modifying their clus-
tering properties. We argue that there is not any possible
choice of the parameters that can accommodate a grav-
itational mode that mimics the behavior of a standard
cold dark matter degree of freedom during the matter
era, even if only the linear order perturbations are con-
sidered.
The paper is organized as follows: in Section II we de-
scribe our starting point, based on the Gleyzes-Langlois-
Piazza-Vernizzi action, together with the internal shift
and Z2 mirror symmetries of the scalar sector. Then
in Section III, we describe how the homogeneous back-
ground evolution associated to this modified gravity
model resembles that of a cold dark matter component,
no matter the form of the arbitrary functions in the La-
grangian. Next, we discuss the evolution of linear or-
der perturbations in the case of an empty universe, Sec-
tion IV, and also in the presence of matter, Section V.
Finally we conclude with a discussion of the main results
in Section VI. Complementary information can be found
in the Appendices.
II. THEORETICAL FRAMEWORK
Our starting point is the Gleyzes-Langlois-Piazza-
Vernizzi (GLPV) scalar-tensor theory [35, 36], described
in terms of the following action:
S =
∫
d4x
√−g
[
5∑
i=2
Li[gµν , φ] + Lm[gµν ,Ψ]
]
. (1)
In this theory the gravitational sector is characterized in
terms of 6 possible independent pieces,1 namely
L2 = G2(φ,X),
L3 = G3(φ,X)φ,
L4 = G4(φ,X)R− 2G4X(φ,X)
[
(φ)2 − φ;µνφ;µν
]
+F4(φ,X)ǫ
µνρ
σǫ
µ′ν′ρ′σφ;µφ;µ′φ;νν′φ;ρρ′ ,
L5 = G5(φ,X)Gµνφ;µν
+
1
3
G5X(φ,X)
[
(φ)3 + 2φν;µφ
α
;νφ
µ
;α − 3φ;µνφ;µνφ
]
+F5(φ,X)ǫ
µνρσǫµ
′ν′ρ′σ′φ;µφ;µ′φ;νν′φ;ρρ′φ;σσ′ . (2)
The expression
X ≡ gµν∂µφ∂νφ (3)
1 Notice that there are two different contributions to the quartic
and quintic terms that are not related a priori.
denotes the canonical kinetic term associated to the
scalar field, while R andGµν are the standard Ricci scalar
and Einstein tensor, respectively, defined with respect to
the spacetime metric, ǫµνρσ is the totally antisymmet-
ric Levi-Civita tensor, and semicolons denote covariant
derivatives. We choose to work with natural units where
8πG = ~ = c = 1, such that all quantities are dimen-
sionless, and assume the matter fields Ψ are minimally
coupled to the metric only, Lm[gµν ,Ψ], so that the weak
equivalence principle is guaranteed.
Although the equations of motion associated to the
action (1) are of higher order, the true propagating de-
grees of freedom obey second order equations, avoiding
Ostrogradski instabilities [35, 36, 38]. At this point, the
quantities Gi(φ,X) and Fi(φ,X) are arbitrary functions
of the scalar field and its canonical kinetic term, where
the subindex X refers to partial differentiations with re-
spect to this variable. Note that if F4 = F5 = 0, one
recovers the more familiar Horndeski model [11, 12, 39].
Symmetries are aesthetically appealing mathematical
features to physicists, playing a fundamental role in the
construction of theories in Nature, such as the standard
model of particles. In this spirit, we explore a sector of
the GLPV action that satisfies two symmetries: a shift
symmetry φ → φ + c, for c an arbitrary constant, and
a discrete Z2 mirror symmetry φ → −φ. The purpose
of these symmetries is to reduce the GLPV original pro-
posal to a broad sector which admits cosmological dark
matter. Among the surviving pieces in the action we
find specific constructions such as those of Refs. [23–25],
which we analyze now in a systematic way. Notice that
there are other proposals in the market where a grav-
itationally coupled scalar degree of freedom plays the
role of dark matter and which do not fulfill the above
mentioned symmetries, e.g. in f(R) theories [18], or in
mimetic gravity [19–22], but where the desired behavior
does not seem to arise generically but on a case by case
basis. In this context, one may look at the recent work
of Ref. [40], which shows an embedding of mimetic grav-
ity in the DHOST models [41, 42], which are in turn a
further extension of the GLPV theory.
Some comments about the symmetries of our theory
are in order. The shift symmetry keeps terms which only
involve derivatives of the scalar field, that may allow a
restoration of general relativity within the solar system
via the Vainshtein mechanism; see for example [43, 44].
Actually, when F4 or F5 are included, the Vainshtein
mechanism can get suppressed inside matter sources [45],
leading to interesting detection perspectives. The sec-
ond imposed symmetry plays a not so obvious role, but
in practice reduce the number of nonminimally coupled
terms in the Lagrangian to those that generically present
a dark matter behavior.
When applying these symmetries to the action in
Eq. (1), F5 vanishes, while G2, G4, and F4 are forced to
be functions of the canonical kinetic term X only. The
remaining terms in the Lagrangian, G3 and G5, do not
vanish, but can only be linear in the scalar field φ. How-
3ever, one may show upon integrations by parts that these
linear functions of the scalar field in the cubic and quintic
terms are equal to linear functions of the kinetic scalar
in the quadratic and quartic sectors, respectively, so they
can be reabsorbed in the second and fourth pieces of the
original action. It is important to mention that the G5
term left by the symmetries, which can also be written as
Gµν∇µφ∇νφ, is a popular piece of the Horndeski theory
which has gained recent attention for dark energy and
compact objects, see e.g. [46, 47]. In the context of dark
matter, this coefficient alone leads to a negative speed of
sound squared during the radiation domination era, as
has been previously discussed in Ref. [24]. However, one
may show that when a more general term of the form
G4 = X
n is considered (which reduces to the G5 = φ for
n = 1), this instability goes away for n ≥ 7/6.
In the infrared, and assuming that the arbitrary func-
tions of the Lagrangian are analytical, this model gets
dominated by the constant part of G2 (that we assume
nonzero in this paper), giving rise to the appearance of an
effective cosmological constant in the late universe. At
higher energies, however, we assume that the X depen-
dent coefficients of G4 dominate over those of G2, shap-
ing the evolution of the scalar mode prior to the dark
energy domination. Put in a different way, since we are
particularly interested in the sector where the scalar field
is nonminimally coupled to gravity, we will restrict our
attention to the case of G2 = const. In order to be consis-
tent with current cosmological observations, we consider
that this constant is determined only by the dark energy
physics, and fix G2 = −Λ.
In conclusion, the sector of the GLPV action (1) left
after imposing the parity and shift symmetries, and for-
getting total derivatives and minimally coupled terms,
is
S =
∫
d4x
√−g
[
R
2
− Λ + G¯4(X)R− 2G¯4X(X)
[
(φ)2 − φ;µνφ;µν
]
+ F4(X)ǫ
µνρ
σǫ
µ′ν′ρ′σφ;µφ;µ′φ;νν′φ;ρρ′ + Lm
]
.
(4)
With no loss of generality we have shifted the origi-
nal G4(X) function by G4(X) = 1/2 + G¯4(X) to ex-
plicitly show the Einstein-Hilbert piece, thus recovering
general relativity plus a cosmological constant Λ when
G¯4 = F4 = 0. The action (4) with the extra scalar φ as a
part of the gravitational interaction is our starting point
to discuss how a dark matter component may naturally
arise within some general sectors of the GLPV gravity.
Before we proceed, however, it is important to place
our model within the common belief that Hordenski
gravity naturally leads to dark energy scenarios. It is
well known that shift-symmetric Horndeski theories, like
e.g. the covariant Galileon field, may present a de Sit-
ter tracking solution [48, 49]. Therefore, one may won-
der how a dark matter scenario arises when the extra
mirror symmetry is considered. From the analysis of
Refs. [48, 49], however, it is straightforward to get con-
vinced that when one only considers the G4 term, the de
Sitter tracker conditions cannot be fulfilled, in agreement
with our findings. Moreover, this can be generalized to
theories that lie beyond Horndeski if one includes an F4
function that depends only on the kinetic term [50]
III. DARK MATTER
The purpose of this section is to convince the reader
that dark matter is a generic feature of our general ac-
tion (4). In the case of a spatially flat Robertson-Walker
background, the spacetime metric is described in terms
of the line-element
ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2], (5)
and the contribution of a homogeneous field distribution
φ = φ(t) to the modified Friedmann equations reads:
3H2 = ρm + ρΛ + ρφ, (6)
−2H˙ − 3H2 = pm + pΛ + pφ, (7)
where (t, x, y, z) is a spacetime coordinate system comov-
ing with the expansion, a is the scale factor, H ≡ a˙/a
is the Hubble parameter, and the overdot represents
a derivative with respect to the comoving cosmological
time. The expressions ρm and pm (ρΛ and pΛ) denote,
respectively, the energy density and pressure of matter,
i.e. standard model particles (dark energy, i.e. cosmo-
logical constant), while [17]
ρφ = 3H
2
[
1−M2
∗
(1 + αB)
]
, (8)
pφ = −3H2
(
1 +
2H˙
3H2
)[
1− M
2
∗
(αK + 6α
2
B)
αK
]
(9)
are the corresponding counterparts for the scalar field.
For convenience, we have introduced the Bellini and Saw-
icki’s (BS) parametrization of Horndeski gravity [51],
consisting on 4 functions of time: M2
∗
, αB , αk and αT ,
extended to include the new term in the GLPV model
via the also time-dependent function αH [36] (see Ap-
pendix A for their expressions in terms of the original
G¯4 and F4 functions in the Lagrangian).
The conservation equations for matter and the scalar
field are the usual, ρ˙i + 3H(ρi + pi) = 0, which for the
latter one yields to
X˙ = 18HX
(
1 +
2H˙
3H2
)(
αB
αK
)
. (10)
4Since the theory is invariant under shift transformations,
the scalar field does not appear explicitly in the equation
of motion. The parameters M2
∗
, αB and αK in Eqs. (8),
(9), and (10) denote the cosmological strength of gravity
and the popular braiding and kineticity functions, re-
spectively. Note that the other two functions of the BS
parametrization, the tensor speed excess, αT , and the co-
efficient capturing the effects beyond Horndeski, αH , do
not show up at the level of the homogeneous background.
Before continuing, we would like to make some addi-
tional comments on the background equations and the
BS functions. From the expression in Eq. (8) and the
definition of the dimensionless density parameter, we can
write:
Ωφ = 1−M2∗ (1 + αB). (11)
In order to have a significant impact on the evolution of
the universe, we can easily conclude that a modification
of gravity in the form of its strength, M2
∗
6= 1, or braid-
ing, αB 6= 0, is necessary. Furthermore, from the pertur-
bation equations that we will discuss later, only tensor
modes propagate at linear order if αB = αK = αT =
αH = 0. However, a new degree of freedom apart from
those in general relativity and the standard model of par-
ticles is necessary to explain, e.g., the onset of structure
formation during the radiation era, or the baryon acous-
tic oscillation signal on the large scale structure. We can
then conclude that something beyond a purely modifi-
cation of the strength of gravity on cosmological scales,
given by M∗ in the BS parametrization, must emerge in
order to have a successful cold dark matter candidate.
The main reason why this model naturally behaves as
cold dark matter, at least at the level of the background
universe, is because during the matter domination era
the factor 1 + 2H˙/3H2 in Eqs. (9) and (10) naturally
vanishes. This results in a frozen kinetic term, X˙ = 0,
with a vanishing associated pressure, pφ = 0. There-
fore, during matter domination, the energy density of the
scalar field evolves as ρφa
3 ∼ const, as one may appreci-
ate from Eq. (8), contributing as nonrelativistic particles.
However, one has to understand the full evolution of the
scalar degree of freedom and its perturbations during the
different domination phases of the universe to really asses
whether this model is a viable dark matter candidate.
Before moving to the perturbations, it is interesting to
notice a particular realization in which the background
scalar field tracks the dominant component not only dur-
ing the matter era, but also during the other stages of the
evolution. From Eq. (10), and if the braiding function
vanishes, αB = 0, the kinetic term will remain frozen no
matter the value of the other factors in the dynamical
equation. Introducing this into Eqs. (8) and (9), we can
easily identify that pφ/ρφ = −(1+ 2H˙/3H2) = w, where
w is the equation of state parameter of the dominant
matter component. We will comeback to this situation
later.
In what follows, we analyze the behavior of the small
deviations with respect to the homogeneous and isotropic
solution and conclude that, for a universe that is empty
of matter, linear order perturbations naturally grow like
in the standard cold dark matter scenario. Then in Sec-
tion V we consider the inclusion of matter.
IV. EMPTY UNIVERSE
Linear order perturbations are fully characterized
in terms of the 5 background functions of the BS
parametrization in Appendix A. In the context of a per-
turbation theory, these functions are related to those of
the so called effective field theory (EFT) of dark energy,
which unify most of the single degree of freedom dark en-
ergy models [13–17], including those which are nonmin-
imally coupled to gravity. Note that the kinetic scalar
remains frozen in this simplified version of the universe,
X˙ = 0, and then all these functions become constant
parameters, which simplifies the analysis. In a universe
with no matter, Ωφ = 1, the closure relation in Eq. (11)
fixes the value of the braiding coefficient to αB = −1,
leaving the other BS parameters arbitrary.
In general, tensor perturbations are modified with re-
spect to those in general relativity, as can be appreciated
from Eq. (B1) in one of the Appendices. This expression
also codifies the stability conditions of the tensor sec-
tor. In order to avoid ghost-like instabilities, one needs
M2
∗
> 0. However, more interestingly is that the speed
of propagation of gravitational waves may differ with
respect to that of light for a nonvanishing αT , namely
c2g = 1+αT . The almost simultaneous observation of two
different signals, one in the form of gravitational waves
and the other in gamma rays, coming from a same astro-
physical event [28], constrains the tensor speed excess to
αT = 0 (with possible deviations from this value smaller
than one in 1015) [29–33]. Notice that this naturally guar-
antees the absence of gradient instabilities in the tensor
sector.
In addition to tensor perturbations, a scalar mode also
propagates in this theory. This mode is expected to host
the dark matter sector in this model, and plays a central
role in our presentation. In the unitary gauge, and inte-
grating out the Hamiltonian and momentum constraints,
we obtain the following action for the scalar degree of
freedom [35, 36, 52]
S
(2)
scalar =
1
2
∫
dtdx3a3Qs
[
ζ˙2 + (c0s)
2 ∂
2ζ
a2
]
, (12)
where ζ is the curvature perturbation [(3)R = −4a−2∂2ζ],
and Qs and (c
0
s)
2 are the kinetic coefficient and speed
of sound in vacuum, respectively, given by Eqs. (B5)
and (B6) in the Appendix. From the second of these ex-
pressions we can easily identify that (c0s)
2 ∼ (1 + αB).
This guarantees that the speed of propagation of the
scalar mode necessarily vanishes in an empty universe.
Moreover, in order to guarantee a theory with no ghosts,
we need to impose Qs > 0, i.e., αK > −6.
5Varying the action (12) with respect to the curvature
perturbation, we obtain
ζ¨ + 3Hζ˙ = 0. (13)
The general solution to this equation is a linear combi-
nation of a constant term, and a function that decreases
with the cosmic expansion as 1/a3. Moving to the more
familiar Newtonian (or longitudinal) gauge, this solution
translates into
ζNewt. = C1(~x) +
C2(~x)
a5
, (14)
with C1 and C2 two arbitrary integration functions that
depend only on the spatial coordinates. This is the
well-known behavior of curvature perturbations in an
Einstein-de Sitter universe (i.e. a universe dominated
by nonrelativistic matter), the constant solution being
the one associated to the growing mode in the density
contrast responsible of structure formation.
Notice that two of the BS parameters are determined
in this model, αB = −1 and αT = 0, but the other three
remain arbitrary. Since the kinetic scalar is frozen for this
simplified version of the universe, the five BS parameters
remain independent: we can just infer the value of the
BS functions at a given point X , which are not related
one to the others, but we cannot say anything about
their functional dependence; see however the discussion
in Section V. This leaves place for a universe dominated
by a cold dark matter degree of freedom where no tensor
speed excess is manifest. Let us analyze how this picture
is modified by the inclusion of standard model particles.
V. INTRODUCING MATTER
Adding matter to the universe necessarily moves the
braiding coefficient away from αB = −1, see Eq. (11),
avoiding to straightforwardly guarantee the vanishing of
the sound speed of scalar perturbations. This certainly
modifies the clustering properties of the extra mode. Fur-
thermore, their nontrivial couplings to matter may also
change the way in which photons and baryons behave, as
has been previously discussed in, e.g., Refs. [35, 36, 52].
Finally, the presence of matter will increase the com-
plexity of the evolution of the background universe with
respect to the naive description of Section IV. All these
issues deserves a more careful analysis, and we devote
this section to this purpose.
At the level of the homogeneous background, the scalar
field must be subdominant during radiation domination,
scaling with the scale factor accordingly to the particu-
lar expressions for G¯4 and F4 chosen in the theory. No-
tice that these functions do not necessarily need to pro-
duce a vanishing tensor speed excess αT = 0 at that
time, since the observational multimessenger constraint
only requires this to hold on the local late universe. Af-
ter matter-radiation equality, the scalar mode and the
baryons take over and drive the cosmological expansion,
with the energy density scaling as 1/a3 and the canonical
kinetic term frozen at a given value. An oversimplified
description of this period was presented in the previous
section. On the more recent epoch, dark energy dynamics
prevail.
The only deviations away from the ΛCDMmodel are at
the radiation-matter and matter-dark energy transitions,
where depending on the particular shape of G¯4 and F4
one can get different percent departures from the stan-
dard predictions. At the second transition, background
observations do not have enough precision to discriminate
models. In the case of the radiation-matter transition,
perturbations are the only door to observations.
Assuming analyticity and no fine tuning, a natural way
to satisfy that the modifications to the standard Fried-
mann equations are negligible before matter-radiation
equality is by demanding G¯4(X = 0) = F4(X = 0) = 0,
together with a small value (in magnitude) of the kinetic
scalar at the onset of matter domination.2 This can be
easily guaranteed if we impose
sign(αB) = −sign(αK), (15)
as we explain below. The main plot can be summarized
as follows: During inflation 1 + 2H˙/3H2 = 1, and the
dynamical equation (10) together with a different sign in
the values of the braiding and kineticity functions can
naturally explain the fall of the magnitude of the ki-
netic term up to the regime where X = 0, no matter
its “initial” value at the big bang. During the radiation
era, however, 1 + 2H˙/3H2 = −1/3, and the kinetic term
will grow in magnitude from its small value at reheating
up to the point where it remains frozen during matter
domination, as we previously argued. Finally, the dark
energy overtakes the other components and the kinetic
term starts its way back to the region where X = 0.
As a consequence, the behavior of the scalar degree of
freedom is mainly determined by the properties of G¯4 and
F4 close to the points X = 0, and 1−M2∗ (1+αB) = Ωφ,
where the last expression defines only implicitly the value
of the kinetic term during the matter era. The particular
details of G¯4 and F4 between these two points are only
relevant during the transitions from radiation to matter,
and from matter to dark energy, domination, but they
will not affect the behavior of the universe for most of its
history.
[Notice that there is also the possibility that the ki-
netic term gets stuck before matter-radiation equality if
it comes across a point where the braiding coefficient αB
vanishes. As we have previously argued in Section III,
the scalar mode tracks the dominant matter component
in this case, hence contributing as a relativistic species
during a period of time in the radiation era. Since the
2 According to our conventions the kinetic scalar is negative defi-
nite on a cosmological background.
6kinetic term is frozen, the dimensionless density param-
eter associated to the scalar mode will also remain con-
stant. As a result of this, and if the density parameter
is of order one during matter domination (as it should
be to reproduce dark matter observations), it will be so
also at the end of the radiation era. If the evolution led
the kinetic term to a point where αB = 0 before big-
bang nucleosynthesis, the model would be ruled out by
current constraints on the effective number of neutrino
species at that time [53]. But even if that is not the case,
the presence of extra relativistic species will affect the
time of matter-radiation equality, which is also well con-
strained by large scale structure and cosmic microwave
background observations [54]. This makes it very unlikely
that the braiding function could vanish during matter
domination, and this will be of some interest when ex-
ploring later the cosmological perturbations.]
This completes our qualitative description of the homo-
geneous background. However, in order to have a sensible
cold dark matter mimicker, we need to prove the loga-
rithmic and linear growth of scalar perturbations during
the radiation and matter eras, respectively. In this pa-
per we concentrate on the second of these periods, and
conclude that it is no longer possible to reproduce the
standard cold dark matter evolution. At this point the
reader may refer to Appendix B, where the details of lin-
ear order perturbations in presence of matter around an
arbitrary homogeneous and isotropic universe are given
for a general GLPV model.
As an overview for the time-constrained reader, in the
unitary gauge the scalar sector of the perturbations are
governed by the following action,
S
(2)
scalar =
1
2
∫
dtd3xa3
[Aij q˙iq˙j − a−2Cij∂qi∂qj
−HBij q˙iqj −H2Dijqiqj
]
, (16)
where, as in Eq. (12), we have integrated out the Hamil-
tonian and momentum constraints. The variables qi =
(ζ, v) codify the curvature perturbation, and total mat-
ter velocity perturbation, respectively, and the matrices
Aij , Cij , Bij and Dij are defined in Eqs. (B3) and (B4).
Varying the previous action with respect to qi yields the
following equations of motion:
q¨i + 3H(δij + Eij)q˙j +H2Fijqj = 0. (17)
Notice that the matrices Eij and Fij contain all the dy-
namical information to evolve linear perturbations, and
for a general GLPV model they are given in Eqs. (B11)
and (B12).
During matter domination, a cold dark matter com-
ponent must satisfy Eij = Fij = 0; see the discussion in
Appendix C. Since the kinetic scalar is frozen during the
matter era, we can easily conclude that the time varying
components of these matrices vanish, i.e. A˙ij = B˙ij = 0.
In order to guarantee a vanishing Eij , we need to impose
the remaining part of Eq. (B11) to be zero, which trans-
lates in the product A−1ik B[kj] = 0. In presence of matter,
αB 6= −1, and it is possible to get convinced that this is
equivalent to setting the only nonzero component of Bij ,
that we call b in Eq. (B4), to zero.
On the other hand, the two matrices Dij and Cij in
Eq. (B12) are linearly independent, so to further guaran-
tee a vanishing Fij we also need to demand that the two
contributions A−1ik Dkj and A−1ik Ckj vanish independently.
In a universe where αB 6= −1, this can only be satisfied if
the single component, named d in Eq. (B4), of Dij , and
the speed of sound c2s associated to the modified gravity
terms in Cij , vanish.3
The background functions c2s, b and d have been com-
puted in Appendix B, and their expressions in terms of
the BS parameters can be found in Eqs. (B7), (B8), and
(B9). After some algebra, and for the case of a universe
dominated by nonrelativistic particles, they can be reex-
pressed in the more convenient form
c2s =
(
1 + αB
αK + 6α2B
)
[−2αB(1 + αT )− 2αT − αH ] , (18)
b = 3
(
1 + αB
αK + 6α2B
)
[αK − 6αB] , (19)
d = 9(1 + αB)
(
1 + αB
αK + 6α2B
)
[3 + 6αB − αK/2] . (20)
Since αB 6= −1 in the presence of matter, and ac-
cording to Eq. (11), the only possible way in which
1 + αB → 0 (keeping a reasonable value of Ωφ), is that
M2
∗
tends to infinity. If one naively extrapolates the con-
straints on the dark matter sound speed from Ref. [55],
c2
s(DM) . 10
−10.7, the value of the cosmological strength
of gravity must be at least ten billions larger than the
inferred from local observations. Among other things, a
larger value of M2
∗
would drastically increase the growth
rate of structure formation, in clear disagreement with
observations [56]. This can be seen from the Newtonian
potential evolution equations, given by e.g. Eq. (4.1) in
Ref. [51], where the matter source term depends only
on M2
∗
, and not on the (1 + αB) factor that leaves the
product M2
∗
(1 + αB) of order one. Furthermore, even
though c2s = 0 if αK + 6α
2
B → ∞, at least one of the
expressions for b or d would remain of order one in that
case. Moreover, having large values of the BS param-
eters might suggest the breakdown of the perturbative
EFT construction, leading to large higher order correc-
tions. Therefore, we can safely conclude that in order to
3 If the matrix A−1
ik
Ckj vanishes, their eigenvalues λ must also
be zero. They are determined in terms of the quadratic equa-
tion det(λδij − A
−1
ik
Ckj) = 0, which can be written in the form
det(A−1
ik
) det(λAkj−Ckj) = 0. If both matter and gravity modes
propagate, then det(A−1
ik
) 6= 0, and the eigenvalues λ are nothing
but their associated squared speeds of sound c2m and c
2
s, respec-
tively, see Appendix B. The former one naturally vanishes in a
universe dominated by nonrelativistic matter, c2m = 0, so one
only needs to impose c2s = 0.
7make c2s = b = d = 0, the square brackets of Eqs. (18),
(19), and (20) must vanish simultaneously.
Apparently, there are many different ways in which the
square bracket of c2s can be zero, but according to the re-
cent multimessenger observation, we must set αT = 0 in
Eq. (18), reducing the number of possible choices. Con-
trary to the case of Section IV (where there was nothing
but gravity and the kinetic scalar, and then also the ten-
sor speed excess, was stucked at a fixed point during the
evolution), now we need to guarantee c2g = 1 not only
at matter domination, but also during the transition to
the dark energy era, when the kinetic term is not frozen
but runs. According to the expressions in Appendix A,
this condition relates the two arbitrary functions of the
Lagrangian (4), F4 = 2G¯4X/X , and enforces αH = −αB.
The square bracket of Eq. (18) reduces to −αB in this
case, so the braiding coefficient must vanish during the
matter era. This is however very unlikely, as we pre-
viously argued in this section. But even if one forgets
those arguments and sets αB = 0 into the bracket of
Eq. (20), the condition d = 0 enforces αK = 6. All the
BS coefficients apart from the cosmological strength of
gravity have been already determined in this model, and
from Eq. (19) we can read b = 6. This induces a gravita-
tional coupling between the perturbations in the different
components that is not present for a standard cold dark
matter component.
In the standard cosmological scenario, dark matter
perturbations dominate at matter-radiation equality. If
one neglects the subleading contributions in Eq. (17), and
solves for the curvature perturbations, the familiar solu-
tion in Eq. (14) is recovered. However, baryons are af-
fected in a nontrivial way by the presence of dark matter
in this model. Even if a detailed numerical analysis (us-
ing, e.g., hi-class [57] or EFTCAMB [58]), is necessary in
order to give some precise numbers, it seems very unlikely
that an order one modification in any of the parameters
of the dynamical equations could be consistent with the
precision of current cosmological observations.
VI. DISCUSSION
In this paper, we have explored some interesting cos-
mological consequences of the GLPV scalar-tensor theo-
ries [35, 36], where the scalar degree of freedom plays the
role of dark matter. These models generalize Horndeski
gravity at the expense of introducing higher order equa-
tions of motion, but in such a way that no Ostrogradski
instability propagates. In particular, we have analyzed a
general sector of the theory that is invariant under parity
and shift transformations in the scalar sector, and where
the dynamics of the scalar mode is mainly determined by
the nonminimally coupled terms. Other proposals with
a similar spirit have been recently studied in the liter-
ature [23–25], but we can consider them as particular
realizations of this broader scenario.
In the absence of matter, we have proved that the
scalar mode can naturally drive the expansion of a homo-
geneous Einstein-de Sitter background, and at the same
time clumps like standard cold dark matter particles.
This behavior is independent of the particular expres-
sions taken for the arbitrary functions G¯4(X) and F4(X)
in the Lagrangian, the only condition is that the braid-
ing coefficient must be fixed to αB = −1. With an extra
mild assumption on the parameters of the model neces-
sary to guarantee that the tensor speed excesses vanishes,
αT = 0 [29–33], this subsector of the GLPV theory can
be made consistent with the almost coincident observa-
tion of the gravitational wave signal GW170817 and its
gamma ray counterpart GRB170817A.
When standard model particles come into play, a non-
trivial coupling between the scalar mode and matter
modifies the previous picture, and a more elaborated
analysis becomes necessary. At the level of the homo-
geneous background, the scalar degree of freedom still
contributes as nonrelativistic particles during the mat-
ter era. Moreover, it is always possible to fit the two
functions G¯4(X) and F4(X) in such a way that the cos-
mological evolution matches the ΛCDM one at a desired
accuracy. However, we proved that there is not any pos-
sible way to make that the combination of the extra mode
and baryons evolve like in the standard cold dark matter
scenario, even at the linear order in perturbations.
To conclude, even if we leave the possibility of recover-
ing a successful gravitationally coupled mode with some
of the ingredients that we have elaborated in this pa-
per open, a more sophisticated model seems required. If
this model exists, then one should contrast it with lin-
ear observations, such as those of the cosmic microwave
background radiation, and nonlinear evolution, such as
large scale structure formation and galaxy dynamics. In
this sense, it would be very interesting to identify which
terms, if any, of the original effective Lagrangian are the
responsible of the phenomenological correlations between
dark matter and baryons that seems to emerge at small
scales. This is, however, beyond the scope of this paper.
ACKNOWLEDGMENTS
F.F. acknowledges a CONACyT predoctoral grant.
This work was partially supported by CONACyT-Mexico
under Grants No. 182445, No. 179208, No. 167335, and
Fronteras de la Ciencia 281, by SEP-23-005 through
Grant No. 18134, and also by DAIP-UG.
Appendix A: Bellini and Sawicki’s parametrization
For some parts of this paper we find convenient to use
the Bellini and Sawicki’s (BS) parametrization of Horn-
deski gravity [51], extended to GLPV models [36], rather
than the original functions in the Lagrangian (1). This
parametrization consists on 5 background functions,M2
∗
,
8αB, αK , αT , and αH , describing the behavior of cosmo-
logical linear perturbations and that we summarize in
this Appendix. For a GLPV model with G2 = G3 =
G4φ = F4φ = G5 = F5 = 0, such as the one in Eq. (4),
these functions are given by
M2
∗
= 1 + 2G¯4 − 4XG¯4X + 2X2F4, (A1)
αB = − 4
M2
∗
[
XG¯4X + 2X
2G¯4XX −X2(2F4 +XF4X)
]
, (A2)
αK =
12
M2
∗
[
XG¯4X + 8X
2G¯4XX + 4X
3G¯4XXX −X2(6F4 + 9XF4X + 2X2F4XX)
]
, (A3)
αT =
2
M2
∗
[
2XG¯4X −X2F4
]
, (A4)
αH = − 2
M2
∗
X2F4. (A5)
M2
∗
is the cosmological strength of gravity, αB and αK denotes the braiding and the kineticity functions, respectively,
and αT is the tensor speed excess. Only if the theory is beyond Hordeski αH 6= 0. Note that we are using the
convention of Ref. [36], where there is a −1/2 factor of difference with respect to the original parametrization [51].
Therefore, our definition of the braiding coefficient is αhereB = −αthereB /2.
Appendix B: Linear perturbations
In this Appendix we review cosmological linear order perturbation theory in the light of the GLPV gravity. Although
most of the expressions have been reported somewhere else, see, e.g., Refs. [35, 36, 52], others are new and necessary
for the purposes of this paper. To proceed, we expand the action in Eq. (1) to second order in perturbations for the
case of a homogeneous and isotropic spatially flat universe that contains only standard model particles. For simplicity,
we assume that this component can be described in terms of a perfect fluid with constant barotropic index, pm = wρm,
and approximate w = 1/3 (w = 0) during the radiation (matter) era. Note that we are not imposing any restriction
on the Lagrangian functions Gi and Fi, and all the expressions below apply for general Horndeski and GLPV models,
even though in this paper we are mainly concerned with the case of G2 = G3 = G4φ = F4,φ = G5 = F5 = 0.
Under this construction, the tensor sector of general relativity is modified to
S
(2)
tensor =
M2
∗
8
∫
dtd3xa3
[
γ˙2ij − (1 + αT )a−2(∂γij)2
]
, (B1)
where γij is the transverse and traceless perturbation to the spatial metric. In order to prevent the appearance
of ghosts we need a positive definite cosmological strength of gravity, M2
∗
> 0, whereas the absence of gradient
instabilities imposes 1 + αT ≥ 0 on the tensor speed excess.
Apart from tensor perturbations, an additional scalar mode to the matter fluid also propagates in the gravitational
sector of this theory. If vector sources are present, they usually dilute with cosmological expansion, hence we do not
consider them here. The scalar modes, on the contrary, play a central role in our description of dark matter. In the
unitary gauge, and integrating out the Hamiltonian and momentum constraints, the scalar propagating degrees of
freedom are described by the following action:
S
(2)
scalar =
1
2
∫
dtd3xa3
[Aij q˙iq˙j − a−2Cij∂qi∂qj −HBij q˙iqj −H2Dijqiqj] , (B2)
where qi = (ζ, v) are the curvature perturbation,
(3)R = −4a−2∂2ζ, and the total matter covariant velocity perturba-
tion (normalized to the Hubble rate), δui = H
−1∂iv. The matrices Aij , Bij , Cij , and Dij in Eq. (B2) can be expressed
in terms of the BS parametrization as
Aij =
(
Qs +
Qm
(1+αB)2
Qm
(1+αB)
Qm
(1+αB)
Qm
)
, Cij =
(
Qs(c
0
s)
2 Qm
(1+αB)
(1 + αH)(c
0
m)
2
Qm
(1+αB)
(1 + αH)(c
0
m)
2 Qm(c
0
m)
2
)
, (B3)
Bij = Qsb× δi1δj2, Dij = Qsd× δi2δj2, (B4)
9where Qs, Qm are the kinetic coefficients,
Qs =
M2
∗
(αK + 6α
2
B)
(1 + αB)2
, Qm =
ρm(1 + w)
H2w
, (B5)
and (c0s)
2, and (c0m)
2 the squared sound speeds,
(c0s)
2 =
1
Qs
[
2
a
d
dt
(
aM2
∗
(1 + αH)
H(1 + αB)
)
− 2M2
∗
(1 + αT )
]
, (c0m)
2 = w, (B6)
associated to the isolated gravity and matter theories, respectively. Moreover, the only nonvanishing components of
the matrices Bij and Dij are given by
b =
Qm
(1 + αB)2Qs
[
(αK − 6αB)(c0m)2 + 2(1 + αB)
H˙
H2
+
Qm(c
0
m)
2
M2
∗
]
, (B7)
d =
Qm
(1 + αB)2Qs
{
Qm(c
0
m)
2
2M2
∗
[(
3 + 6αB − 1
2
αK
)
(c0m)
2
+(1 + αB)
(
3 + αM +
H˙
H2
)
− Qm(c
0
m)
2
2M2
∗
+
α˙B
H
]
− (1 + αB) 1
H
d
dt
(
H˙
H2
)}
. (B8)
These last terms are an effective “friction” and “mass” factors that couple the nonderivative terms in the La-
grangian (B2).
In order to avoid ghostlike instabilities in the scalar sector we need to demand that the determinants of the principal
sub-matrices of the kinetic term Aij are all positive definite, which translates into Qs > 0 and Qm > 0, the former
condition being equivalent to αK + 6α
2
B > 0. The dispersion relations of the propagating modes are obtained from
the zeros of the quartic polynomial det[Aijω2 − Cijk2] = 0. In a general case, the two scalar modes, namely the
gravitational and the matter one, are mixed by nontrivial kinetic and gradient couplings, and the final expressions for
the dispersion relations are not very illuminating. However, for the simpler case of nonrelativistic matter, (c0s)
2 = 0,
they reduce to
c2s = (c
0
s)
2 − Qm(1 + 2αH)
Qs(1 + αB)2
(c0m)
2, c2m = (c
0
m)
2. (B9)
Note that in this particular limit the matter sound speed is not affected by the gravitational sector, a result of some
interest for the study of the linear perturbations during the matter domination era. Lastly and in order to avoid
gradient instabilities we need to satisfy c2s > 0 and c
2
m > 0.
Varying the expression in Eq. (B2) with respect to qi, and moving to Fourier space, we obtain the following equations
of motion:
q¨i + 3H(δij + Eij)q˙j +H2Fijqj = 0, (B10)
where
Eij = 1
3H
A−1ik
(
A˙kj − B[kj]
)
, (B11)
Fij = A−1ik
[
−1
2
(
3 +
H˙
H2
)
Bkj − 1
2
H−1B˙kj +Dkj +H−2Ckja−2k2
]
, (B12)
and, as usual, B[kj] ≡ (Bkj − Bjk)/2. Notice that the two matrices Eij and Fij contain all the information at linear
order in perturbation theory.
Appendix C: A fiducial dark matter model
As long as the scales of interest are large enough, the
velocity potential of an irrotational perfect fluid [59] with
equation of state w = 0 can properly describe the behav-
ior of a nonrelativistic dark matter degree of freedom. At
the effective level, we can model such a matter compo-
nent in terms of a purely kinetic k-essence model with
G2(X) = X
n and G3(X) = G¯4(X) = G5(X) = 0, where
n = (1 + w)/2w. Note that we need to make n → ∞ in
order to get a vanishing barotropic index.
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During matter domination, nonrelativistic standard
model particles and dark matter contribute in a signifi-
cant way to the energy density of the universe, and then
both ρCDM and ρm remain of the same order, with w = 0
for the two components. Introducing these assumptions
into Eqs. (B5), (B7), (B8), and (B9), we obtain
Qs =
ρCDM(1 + w)
H2w
, c2s = w, b = d = 0. (C1)
After some algebra, we can simplify the two matrices Eij
and Fij in Eqs. (B11) and (B12) to get
Eij = 0, Fij = a2w(k/H)2δij . (C2)
So far, we have just assumed that the barotropic index
w is small, but nonzero in a mathematical sense. Note
that even though the function Qs diverges as w
−1, all
the coefficients in the equations of motion (B10) remain
finite, so one can obtain meaningful physical results from
these expressions. If we take the limit w → 0 at the end of
the calculation, we can easily conclude that Eij = Fij = 0
for a cold dark matter degree of freedom.
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